In axion monodromy inflation, the inflation is driven by the axion with super-Planckian field values in a monomial potential with superimposed sinusoidal modulations. The coupling of the axion to massless gauge fields can induce copious particle production during inflation, resulting in large non-Gaussian curvature perturbation that leads to the formation of primordial black holes. In this paper, we explore the parameter space in the axion monodromy inflation model that favors the formation of primordial black holes with masses ranging from 10 8 grams to 10 solar masses. We also study the associated gravitational waves and their detection in pulsar timing arrays and interferometry experiments. 
I. INTRODUCTION
The inflation model is generally accepted for explaining the observed spatially flat and homogeneous universe. A simple version of the model such as the slow-roll inflation driven by a flat inflaton potential predicts quasi de Sitter vacuum fluctuations during inflation which could give rise to Gaussian and nearly scale-free metric perturbation containing both matter density fluctuations (scalar modes) and gravitational waves (GWs or tensor modes) [1] .
The simplest model that provides the flat potential is perhaps the large-field inflation with a monomial potential. The drawback is that the inflaton needs super-Planckian field values to fulfill the slow-roll conditions. However, these large field values can be realized in string theory and hence are utilized in the axion monodromy inflation [2] . The inflaton potential in single-field axion monodromy inflation has a monomial form with superimposed sinusoidal modulations whose size is model-dependent, given by [2, 3] 
where V 0 , µ, and γ 0 are constants, and p = 3, 2, 4/3, 1, 2/3. The modulation contains the energy scale Λ and the axion decay constant f , both of which are in general functions of ϕ. The cosmological phenomena of this kind of inflation models have been studied, such as the tensor-to-scalar ratio and the resonantly enhanced modulations of the scalar power spectrum and bispectrum due to the sinusoidal modulations of the potential [4] . The axion is expected to be coupled to some gauge field via a pseudoscalar-vector coupling,
where α is a dimensionless coupling constant, F µν = ∂ µ A ν − ∂ ν A µ is the vector field strength tensor, andF µν = 1 2 µναβ F αβ is its dual. Recently, there has been a lot of studies on the phenomenological effects of this coupling in axion inflation models. The coupling leads to the particle production with a rate proportional to the rolling speed of the axion, which induces a new source of metric perturbation while backreacting to the axion dynamics. This results in very interesting effects such as the generation of non-Gaussian and nonscale-invariant scalar power spectrum [5, 6] , the generation of GWs that could be detected at ground-based gravity-wave interferometers [7, 8] , and the formation of primordial black holes (PBHs) of masses < ∼ 10 8 g near the end of inflation [9] [10] [11] . More recently, the authors in Refs. [12, 13] have made the axion potential steeper locally or involved non-minimal coupling to gravity [14] to boost the particle production rate at certain wavenumber in order to seed PBHs with much higher masses. Furthermore, the strength of the GWs associated with the formation of these PBH seeds may reach the sensitivities of future pulsar timing arrays and interferometry experiments.
Inflation is the most efficient way to seed the formation of PBHs. There have been many inflation models that produce PBHs with various masses and associated GWs. In singlefield slow-roll inflation models, the matter density perturbation is generally well below the threshold to form PBHs though they can be formed at rare density peaks. Modifications of the inflation potential to achieve blue-tilted matter power spectra or running spectral indices may lead to large enough density perturbation at the end of inflation [15] . However, the resulting PBH masses in most of these models are many orders of magnitude below M . To boost the PBH mass into astrophysical and even cosmological mass scales, several scenarios involving multi-field inflation have been proposed, such as the hybrid inflation [16] , the double inflation [17] , and the curvaton models [18] , in which small-scale density perturbation can be inflated to a scale ranging from the size of a stellar-mass PBH to a supermassive PBH.
In this paper, we study the formation of PBHs in the axion monodromy inflation with the potential (1) and the interaction (2). We will not consider a specific axion model; instead, we treat the model parameters as free as possible. Then, we will probe the parameter space favorable for the formation of PBHs. At the end, we will discuss briefly physically motivated models with the favorable model parameters. The paper is organized as follows. In the next section, we lay out our base axion inflation model. In Sec. III, we calculate the curvature perturbation induced by particle production and then consider the formation of PBHs. In Sec. IV, GWs sourced by particle production are computed. Section V is our conclusion.
II. THE MODEL
We consider the axion monodromy inflation in which the axion couples to a U (1) gauge field via the interaction (2). The action is given by
where R is the curvature scalar and M p = 2.435 × 10 18 GeV is the reduced Planck mass. For the inflaton potential (1), we choose a linear or concave potential (p = 1 or p = 2/3) because convex potentials (p > 1) are disfavored by cosmic microwave background (CMB) experiments [19] , assuming that the ground state is at ϕ = 0, and taking the approximation that Λ and f are constants. Hence, we have
where we have introduced a numerical factor c to adjust the smoothness of the potential at ϕ = 0. Here we assume a spatially flat Friedmann-Robertson-Walker metric:
where a(η) is the cosmic scale factor and η is the conformal time related to the cosmic time by dt = a(η)dη. The Hubble parameter is defined by H ≡ (da/dt)/a or H ≡ (da/dη)/a. From the action (3), we can write down the Friedmann equation, the equation of motion for the inflaton, and the Maxwell equations, respectively:
where for the Maxwell equations we have chosen the temporal gauge, i.e. A µ = (0, A), and we have introduced the physical "electric" and "magnetic" fields,
In Ref. [11] , we have calculated the production of gauge quanta by the rolling inflaton via the interaction during a slow-roll inflation, taking into account self-consistently the backreaction of the gauge quanta production on inflation. To calculate the production of gauge quanta, we separate the inflaton into a mean field and its fluctuations:
Under the linear approximation, we decompose A(η, x) into two circularly polarized Fourier modes, A ± (η, k), which satisfy the equation of motion as
This implies that either one of the two modes, when satisfying the condition k/(aH) < 2|ξ| for spinoidal instability, grows exponentially fast. The energy density and the interaction term of the produced gauge quanta are given by the vacuum expectation values of the electric and magnetic fields, respectively,
As a consequence, the production of gauge quanta gives rise to a backreaction on the background, whose evolution is then governed by
III. CURVATURE PERTURBATION AND PRIMORDIAL BLACK HOLES
It is well known that vacuum quantum fluctuations of the inflaton field during inflation give rise to curvature perturbation whose power spectrum is given by [ 
In this work, fluctuations of the gauge quanta production during inflation would lead to a new source for inflaton fluctuations. The induced inflaton perturbation satisfies an inhomogeneous equation:
where the frictional term can be derived as [7, 20] 
The particular solution to this equation can be well approximated by [7, 9] 
which contributes to the power spectrum of the curvature perturbation of amount given by
PBHs can be arisen from the collapse of super-horizon over-dense regions originating in the curvature perturbation generated during inflation when they re-enter the horizon in the subsequent expanding universe. If a seed to form a PBH is created during inflation, the mass of the PBH can be estimated as follows. The energy contained within the comoving seed volume that leaves the horizon N e-foldings before the end of inflation is given by
where H e is the Hubble parameter at the end of inflation. Let a 0 = 1 be the scale factor at the onset of inflation, which will eventually span N 0 e-foldings over the entire inflationary course. After the inflation has ended, the universe reheats and becomes radiation-dominated. In conformal time η > η e , the radiation-dominated universe will expand to a size of
The comoving volume re-enters the horizon when its scale k = He N 0 −N satisfies the condition kη ∼ 1, i.e., when a = e N 0 +N (H e /H) or the temperature of the thermal bath is red-shifted by a factor of e N (H e /H) [21] . Therefore, the mass of the PBH presumably formed at this time is
For the purposes of forming PBHs in certain mass ranges that are associated with GWs of observational interest, we have worked out three specific cases for the potential V (φ). Figure 1 shows the first case. In this figure and hereafter, we rescale all dynamical variables in terms of the reduced Planck mass. In this inflaton potential, the background solutions for φ and ξ in Eqs. (15) and (16) are shown in Fig. 2 , with given initial position and speed of the inflaton, φ 0 and (dφ/dt) 0 , and coupling constant α. The number of e-foldings after the beginning of inflation is defined by t 0 H(t )dt . Note that a 0 = 1 and we find that N 0 60. Also, in Fig. 3 , we have evaluated the scalar spectral index n s = 1 − 2 1 − 2 , the tensorto-scalar ratio r = 16 1 , and the running of the scalar spectral index dn s /d ln k, where the slow-roll parameters 1 and 2 are derived from Figure 4 presents the total power spectrum of the curvature perturbation, which is the sum of the vacuum contribution in Eq. (17) and the induced power in Eq. (21) . Note that the amplitude of the total power spectrum of the curvature perturbation at largest scales as well as the levels of the scalar spectral index, the tensor-to-scalar ratio, and the scalar spectral index running for cosmologically interesting scales that correspond to about the first 7 e-foldings are all consistent with the Planck measurements: ∆ 2 ζ 2 × 10 −9 , n s 0.97, r < 0.1, and |dn s /d ln k| < 0.013 [22] . In Fig. 4 , the short-dashed line is the upper bound on the power spectrum derived from astrophysical and cosmological constraints on PBH abundances [9] . peak of inflaton fluctuations at N 37. Consequently, the strong backreaction due to the gauge field production almost stops the inflaton motion at φ −2.4 for about half of the duration of inflation. After then, the inflaton speeds up again and inflation ends up with a rather complicated dissipation-fluctuation processes. This is a typical example of the socalled trapped inflation in which the production of gauge quanta can sustain a nearly steady thermal bath during inflation and exhaust the vacuum energy to end the inflation gracefully without undergoing preheating or perturbative reheating [11] .
In Ref. [23] , the authors have shown that in the in-in formalism the validity of the perturbative treatment of axion and gauge modes restricts ξ < ∼ 5. However, this result does not apply to our present work. Here instead of using the perturbation approach, we have taken only the linear approximation for the axion and gauge modes in the equations of motion to carry out all calculations including strong backreaction. The validity of this linear approximation was recently discussed in Ref. [24] for the same gauge-field axion inflation, in which the authors have proposed a consistency condition for the linearity. This condition was later analyzed in a detailed numerical calculation by including the backreaction selfconsistently, which shows that the linearity condition can be maintained for strong couplings as large as ξ < ∼ 10 [11] . In Fig. 2 , our main concern is the peak at N 39, where ξ 5.4 is well within the linearity condition. Near the end of inflation ξ gets larger values that drive the scalar power spectrum to high spikes at which PBHs of much smaller masses are likely to be copiously produced. However, these high-density spikes should be damped to a lower level because of experiencing local strong gravity. This gravity effect has been ignored in the present work; indeed, it can be properly taken into account by including a higher-order gravitational term in the inflaton perturbation equation (18) [24] . From Eq. (24), by taking H e = 1.31 × 10 −6 and H = 2.37 × 10 −6 when N = 37, M BH 0.87M . Hence, the peak of the scalar power spectrum in Fig. 4 will seed the formation of solar-mass PBHs. Figure 5 and Figure 9 are the second and third potentials, respectively. Similar to the first case, we have calculated the background and the perturbation in these two potentials. The results are summarized in Figs. 6-8 and Figs. 10-12 . Figure 7 and Figure 11 show n s , r, and dn s /d ln k, all of which satisfy the Planck constraints on CMB scales. In Fig. 6 , the ξ bump at N 25 induces a ∆ ζ peak at N 23 with a peak value saturating the PBH bound as seen in Fig. 8 , which corresponds to M BH 2.4 × 10 −13 M , by taking H e = 3.99 × 10 −7 and H = 2.15 × 10 −6 . In Fig. 10 , the ξ peak at N 9 produces a ∆ ζ peak just outside the PBH bound as shown in Fig. 12 
IV. ASSOCIATED GRAVITATIONAL WAVES
In addition to de Sitter vacuum fluctuations, GWs can be directly sourced by the gauge field production [5, 12, 13, 25] . The GW equation reads
where T T denotes the transverse and traceless projection of the spatial components of the energy-momentum tensor of the gauge field. While the curvature perturbation is sufficiently large for seeding the formation of PBHs, GWs simultaneously produced at the horizon crossing as second-order effects in the metric perturbation theory cannot be neglected [13, 26] . The second-order effects are mainly contributed by the transverse-traceless part of a source term S ij (δϕ) involving quadratic terms of the curvature perturbation that should appear on the right-hand side of the GW equation (26) . In the present consideration, we will show that the amount of GWs sourced by S ij (δϕ) is subdominant to that by the gauge field production. From naive power counting, the GW amplitude induced by the gauge field can be estimated as h A ∼ A 2 ∼ ζ, whereas that induced by S ij (δϕ) is h δϕ ∼ δϕ 2 ∼ ζ 2 . As long as ∆ 2 ζ ∼ ζ 2 is below the PBH bound, ζ 1 and thus we have h δϕ h A . In fact, this simple estimation is supported by detailed calculations [11, 13] . In Ref. [11] , it was shown that the energy densities of inflaton perturbation ρ δϕ and of gauge quanta ρ A during inflation scale as ρ δϕ /ρ A ∼ ζ 1. This implies that the energy-momentum tensor that sources the generation of GWs mainly comes from the gauge quanta rather than the inflaton perturbation. More recently, the authors in Ref. [13] have confirmed the sub-dominance of the second-order effects by explicitly computing the GW power spectra induced by the gauge field production as well as by the second-order curvature perturbation.
Rather than numerically solving Eq. (26) in conjunction with the gauge mode equation (12), we use the approximate analytic gauge mode solutions to estimate the present relative GW energy density per logarithmic k interval, given by [5, 25 ]
To evaluate Ω GW h 2 , we treat ξ as a function of N given by the numerical results plotted as ξ(N ) in Figs. 2, 6 , and 10. The Hubble scale H = H(N ) is calculated by Eq. (16) . This spectral energy density is at k = He N 0 −N with H 0 corresponding to the present horizon of size 0.002 Mpc −1 . In Fig. 13 , we plot Ω GW h 2 against the frequency f = k/(2π) = 3 × 10 −18 (H/H 0 )e N 0 −N Hz, where N 0 is the total e-foldings for the duration of inflation with inflaton potentials in Figs. 1, 5, and 9 , respectively. This results in three prominent peaks, which from left to right are associated with the production of PBHs with masses of 0.87M , 2.4 × 10 −13 M , and 1.2 × 10 8 g, respectively. In the figure, we list the current upper limits on GW background inferred from pulsar timing array data [27] and aLIGO O1 data [28] . Also shown are the projected sensitivities of on-going and future GW experiments such as aLIGO O3, O5 [29] , LISA [30] , and SKA radio telescope [31] . 
V. CONCLUSION
Axion monodromy inflation is a well-motivated inflationary scenario in string theory. The inflation is driven by the axion with super-Planckian field values in a monomial potential with superimposed sinusoidal modulations. While the monomial potential can provide a slow-roll inflation consistent with CMB data and large-scale-structure surveys, the modulations may give rise to interesting observational signatures.
Flauger et al. in Ref. [4] have found that the periodic modulations can drive resonant enhancements of inflaton perturbation, with characteristic scale-dependent modulated amplitude, giving rise to oscillations in the CMB anisotropy power spectrum. For an axion decay constant f M p , they have calculated the modulated curvature power spectrum, and determined the limits that CMB data places on the amplitude and frequency of modulations. In some favorable axion monodromy models, resonant contributions to the CMB power spectrum and bispectrum could be detected in near-future CMB experiments.
In this paper, we have studied the consequences from the periodic modulations of the axion potential with f ∼ M p , when the axion is decoupled to a massless gauge field with a coupling constant α ∼ 20. The modulations with Planckian frequencies have little effect on the slow-roll inflation at CMB scales. After the inflaton leaves the slow-roll regime and slides down a steeper slope of the modulated potential, a huge amount of gauge quanta is produced. As a consequence, the backreaction of the particle production to the inflaton motion induces large inflaton fluctuations, creating a peak in the curvature power spectrum that seeds the formation of primordial black holes. We have given permissible model parameters that produce PBHs of masses ranging from 10 8 grams to 1 solar mass. Interestingly, the amplitudes and frequencies of gravitational waves sourced by the energy-stress tensor of the generated gauge quanta could lie within the sensitivities of on-going and future gravity-wave detectors such as aLIGO/VIRGO, LISA, and pulsar timing arrays.
Axion monodromy provides a sound theoretical framework for a large-field inflation model to work with. In addition to the monomial potential that realizes the slow-roll regime, inherent nonperturbative effects generate small sinusoidal modulations of the potential with model-dependent axion decay constant f and energy scale Λ. In the present consideration, we have introduced an axion-photon interaction with a coupling constant α. This interaction strength can be rewritten as α/f = α e /(2πf a ), where α e 1/137 is the fine structure constant and the rescaled axion decay constant f a ∼ 10 −4 f . It is expected that the axion decay constant f is in the order of the grand unification scale, small compared to the Planck scale. However, there are some examples in string theory that allow f to be near the Planck scale [32] . The preferred values for the model parameters that can produce primordial black holes and associated gravitational waves of astrophysical interest are f ∼ M p , Λ ∼ 10 −3 M p , and f a ∼ 10 −4 M p . These disparate energy scales may be constructed, for example, in the clockwork mechanism [33] . Overall, axion monodromy inflation has very rich astrophysical and cosmological implications that may be tested in on-going and future CMB and gravitywave experiments.
